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Data assimilation (or Bayesian filtering) is a statistical method to find the conditional distribution of the
hidden variables of interest given noisy observations from nature. In application, the hidden variables of
interest can be the state variables that are directly or indirectly observed or can even be some unobserved
parameters in the models. In practice, data assimilation is typically realized by numerical schemes that
produce conditional statistics of the state variables of interests, accounting for the information from the
observations, rather than the corresponding conditional distribution; this gives a reasonable justification why
we called it a “statistical method”. When observations are available at discrete times, Bayesian filtering is an
iterative predictor-corrector scheme that adjusts the prior forecast (background) statistical estimates from a
predictor (or dynamical model) to be more consistent with the current observations. This correction step is
referred to as analysis in the atmospheric and ocean science (AOS) community. Subsequently, the posterior
(corrected or analysis) statistical estimates are fed into the model as initial conditions for future time prior
statistical estimates.
While the typical problems of interest are nonlinear, non-Gaussian, and high-dimensional, many practical
data assimilation schemes that are currently used rely on Gaussian and/or linear assumptions. In particular,
most practical data assimilation schemes are some type of approximation of the celebrated Kalman filter [1],
which is the optimal solution (in the least squares sense) of the Bayesian filtering problem under linear and
Gaussian assumptions. Essentially, all of these approximations were introduced to reduce the computational
cost and to improve the statistical predictions. For example, in the AOS data assimilation community, two
important schemes are: (i) the ensemble Kalman filtering methods [2, 3, 4, 5, 6, 7, 8, 9, 10] which rely on
empirical statistical estimates from ensemble forecasts; (ii) variational-based methods [11, 12, 13, 14] that
rely on linear tangent and adjoint models. Operationally, most of the weather prediction centers, including
the European Center for Medium-range Weather Forecasts (ECMWF), the UK Met Office, and the National
Centers for Environmental Prediction (NCEP), are adopting hybrid approaches, taking advantages from both
the ensemble and variational based methods [15, 16, 17, 18, 19]. While these approximations were introduced
for practical consideration, theoretical understanding of the convergence of these methods in idealistic settings
were established [20, 21, 22] for ensemble Kalman filter and for variational based methods [23, 24, 25]. We
should also mention that while these approximate methods can provide reasonable estimates of the first-order
statistics, recent study [26] suggested that one should be cautious in interpreting their second order statistical
estimates.
In the numerical weather forecasting applications, these approximate filters are routinely used to assim-
ilate observations collected from aircraft, radiosonde, satellite, and radar measurements to provide initial
conditions for the atmospheric weather models, known as GCM’s (General Circulation Models). Depend-
ing on the model resolutions, the current GCM’s have state variables of dimension O(109 − 1012). While
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model improvement is a significant enterprise that is continuously exercised, model error is unavoidable. This
problem is attributed to incomplete understanding of the underlying physics and our lack of computational
resources to resolve physical processes at various time and length scales or to model the interaction across
scales. In the context of numerical weather prediction, the model is more accurate in the midlatitude atmo-
spheric region since the dynamics can be approximated by quasi-geostrophic models that are well understood.
In the Tropics, this approximation is not adequate since the Coriolis force vanishes at the equator and the
dynamics is dominated by vertical heating/cooling in response to diabatic heating caused primarily by la-
tent heat release. Despite some improvement in tropical weather forecasting [27], the forecast error for the
zonal (east-west direction) wind component remains the largest in the Tropics (e.g., see Fig 1 in [28]). The
difficulty in predicting the Tropics is primarily caused by limited representation of the tropical convection
and its multiscale organization in the contemporary convection parameterization [29, 27]. This is an example
of “intrinsic information barrier” that prevents one from capturing the large-scale phenomena with a coarse
model, as pointed out in [30].
Given these practical issues, an important challenge in data assimilation is to intelligently utilize the ex-
isting methods (either the ensemble, variational, and any hybrid based approaches) in the presence of model
error. One difficulty is that model error can arise from any sources, such as imprecisedly specified model
parameters, boundary conditions, unresolved processes, numerical approximation, etc. While the overall goal
is to understand the implication of model error of any type on data assimilation, we emphasize on the effect
of model error from unresolved scales. Our choice is partly because model error from unresolved scales is a
subject of interest in applied mathematics under different names and a long list of literature exists in this
subject. One goal of this chapter is to discuss this challenging issue in the simplest possible setting to clarify
the problem and, subsequently, review some of the existing approaches to mitigate this issue. We will classify
the existing approaches into two groups: those that estimate lower-order model error statistics directly are
grouped as the statistical methods ; those that implicitly estimate the model error statistics with stochastic
models beyond unbiased Gaussian white noises are grouped as stochastic parameterization methods. We will
discuss the pro and cons of all of these methods in the most transparent manner with simple examples.
Subsequently, we use illuminating examples to understand the theory behind filtering with model error from
unresolved scales that was recently established in [31]. This theory will justify why stochastic parameteriza-
tion, as one of the main theme of this book, is an adequate tool for mitigating model error in data assimilation.
Subsequently, we also discuss the main challenges in implementing stochastic parameterization in general.
We will briefly discuss a recently proposed semiparametric framework as an alternative approach to mitigate
these challenges [32]. This data-driven framework implements the nonparametric diffusion forecasting models
[33, 34] to represent dynamically evolving parameters in the existing data assimilation framework. We close
this chapter with a short summary.
1 Model error: a prior distribution formulation
Classical approaches to mitigate model error in data assimilation are motivated by analyzing the moments of
the difference between the prior forecast estimate and the truth. To clarify this statement, we define model
error as the difference between the truth x(t) and the estimate x˜(t) from imperfect model,
e(t) ≡ x(t)− x˜(t). (1)
In this context, we assume that the error, e(t) is a random process, where the randomness can be due to
the uncertainties in the initial error and/or the chaotic nature of the truth and the stochastic nature of the
estimates. Even if the model is deterministic, the stochastic nature of the estimates is obvious when the
estimates are outcomes of assimilating noisy observations.
We assume that the random process in (1) has mean e¯(t) = E[e(t)] and covariance Q(t) = E[(e(t) −
e¯(t))(e(t) − e¯(t))⊤]. Similarly, we define x¯(t) ≡ E[x(t)] and P (t) = E[(x(t) − x¯(t))(x(t) − x¯(t))⊤] as the
forecast mean and covariance estimates from the perfect model (i.e., the true mean and covariance statistics),
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respectively. We also define ¯˜x(t) ≡ E[x˜(t)] and P˜ (t) = E[(x˜(t) − ¯˜x(t))(x˜(t)− ¯˜x(t))⊤], as the prior mean and
covariance estimates from the imperfect model. One can show that the mean model error,
e¯(t) = x¯(t)− ¯˜x(t), (2)
is essentially the “bias forecast error”, defined in [35]. Taking the expectation square of the difference between
x(t) in (1) and x¯(t) in (2), one can deduce the forecast error covariance,
P (t) = P˜ (t) +
(
Qx˜e(t) +Qex˜(t) +Q(t)
)
, (3)
where Qx˜e(t) = E[(x˜(t)− ¯˜x(t))(e(t) − e¯(t))⊤] and Qex˜(t) = Q⊤x˜e(t) denote the cross covariances between the
forecast state, x˜(t), from the imperfect model and the model error estimator e(t). Equations (2) and (3)
suggest that in the presence of model error the first two-order statistics of the truth can only be recovered
when the bias, e¯(t), are added to the prior mean estimates ¯˜x(t) and the prior error covariances, P˜ (t), are
appropriately adjusted by covariance correction factors Qx˜e(t) + Qex˜(t) + Q(t). One can obviously repeat
this formalism on higher-order moments of interest but they are not important in our discussion here.
The most important fact that one should realize behind this implicit formalism is that while the formula
looks deceptively simple, it does not provide any easy access to the model error statistics, even for the lower
order statistics such as {e¯, Qx˜e, Q} in (2) and (3). It is worthwhile to point out that even if we know the
dynamics of e(t), while the problem becomes simpler, its statistics may not be easily determined explicitly
in practical situation. To see this, suppose the joint variables (x˜, e) solve a system of differential equations,
dx˜
dt
= f(x˜, e),
de
dt
= g(x˜, e),
where for simplicity f and g are assumed to be deterministic and known. Assume also that (x˜, e) can be
characterized by a joint density function p(x˜, e, t), which solves the corresponding Liouville equation [36],
∂tp = −∇x˜ · (fp) − ∇e · (gp). Then the model error statistics solve a system of differential equations for
the moments of the Liouville equation. In general, however, these differential equations can be infinite-
dimensional since the moments may interact with all of the higher order moments. To see this, consider the
following simple example.
Example 1: Let us assume that the dynamics of e is independent of x˜ and our aim is to compute the mean
model error, e¯. Consider a simple model error estimator e(t) ∈ R that satisfies,
de
dt
= g(e) = ae+ be2, (4)
for some constants a, b. Assume that e(t) can be characterized by a marginal density function p(e, t) that
decays to zero as e→ ±∞ and that it solves the Liouville equation:
∂p
∂t
= − ∂
∂e
[gp] = − ∂
∂e
[(ae + be2)p]. (5)
The first moment can be computed by multiplying (5) with e and taking an expectation (or integral with
respect to R) such that,
d
dt
∫
R
ep de =
∫
R
e
∂p
∂e
de = −
∫
R
e
∂
∂e
[(ae + be2)p] de =
∫
R
(ae+ be2)p de,
=
∫
R
(ae+ 2bee¯− be¯2 + b(e− e¯)2)p de (6)
where we use integration by part and the standard completing square trick. Since e¯ = E[e] =
∫
R
ep de and
Q = E[(e − e¯)2] = ∫
R
(e− e¯)2p de, we can rewrite (6) as follows,
de¯
dt
= ae¯+ be¯2 + bQ = g(e¯) + bQ.
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The differential equation for the variance can be deduced by multiplying (5) with (e − e¯)2 and taking an
integral with respect to R. Repeating the same algebraic manipulation, we obtain,
dQ
dt
= 2g′(e¯)Q+ 2bS.
where we define S ≡ E[(e− e¯)3] as the third-order centered moment. Notice that in this very simple example,
the mean model error e¯ depends on Q, the model error covariance Q depends on S, and one can check
that the S will depend on higher-order moments. Therefore, the system of differential equations for the
dynamics of the statistics of p is not closed. This issue reminisces the classical turbulent closure problem,
where the expectation is replaced with the Reynold averaging. While the example is only one-dimensional,
the computational costs significantly increase for high-dimensional model error estimator e(t), even if we
apply some higher-order moment truncation. Essentially, if e ∈ Rn, then Q has n2 components, S has n3
components, and so on.
In real application, the problem is much more difficult since we have no access to either the truth x(t) or
the model for e(t). In the next section, we discuss some of the existing methods for estimating the model
error mean and covariance statistics.
2 Estimating model error statistics in data assimilation
Since most data assimilation methods that are used in the numerical weather forecasting application produce
mean and covariance estimates (except for the variational based methods that are usually implemented with a
fixed covariance matrix), then mitigating model error is highly associated to finding the model error mean, e¯,
and covariance statistics, Qx˜e and Q. In particular, given the analysis mean, x¯
a
m−1, and covariance estimate,
P am−1, at a particular instance tm−1, one uses the (imperfect) model to propagate these statistics to obtain
¯˜xbm and P˜
b
m at the next observation time, tm. Subsequently, one uses the estimated model error statistics
{e¯(tm), Qx˜e(tm), Q(tm)} to adjust the prior statistical estimates ¯˜xbm and P˜ bm to be closer to the corresponding
true prior statistics, x¯bm and P
b
m, respectively. To close the cycle, one applies his/her data assimilation method
of choice to obtain the analysis mean, x¯am, and covariance estimate, P
a
m, accounting for observations at the
current time.
In this section, we discuss several practical methods that directly estimate the mean and covariance
statistics of the model error estimator, e(t).
2.1 Classical state-augmentation approach
The simplest type of model error is the misspecification of constant parameters in the dynamical model. For
this scenario, one can apply various statistical methods to estimate the unknown parameters. We refer to
this type of model error as the simplest in the sense that the source of model error is known, that is, through
a misspecification of constant parameters. By simplest here, we do not say that the parameters are easily
estimated; this will depend on the identifiability of the parameters and the estimation schemes. When the
parameters are time dependent, the complexity of the problems is significantly increased.
A classical approach for estimating parameters is to apply Kalman filter based methods on an augmented
vector of state-parameter [37, 38],
˙˜x = f(x˜, θ),
θ˙ = g(x˜, θ),
(7)
where “the dot” indicates time derivative and g is typically chosen empirically. If the correct parameters
are obtained, the model error vanishes and the true prior statistics are directly obtained. When the true
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parameters θ are constant and identifiable, one can just apply this strategy with persistence model, g = 0.
The main issue with this approach is that if the parameters are not constant, then choosing the appropriate
parametric model, g, can be difficult; classical choices often assumed g to be independent of x˜. Later in
section 5, we will discuss a nonparametric approach for modeling θ, assuming that it is independent of x˜ [33].
While the state augmentation approach was designed as a parameter estimation method, it can also be
implemented to directly estimate the mean model error or forecast bias [35]; that is, solving the augmented
equations in (7) for x¯ and e¯ (in place of x˜ and θ, respectively). In practice, this procedure was implemented
with an additional assumption for the model error covariance. The typical choice is to assume the model
error covariance to be proportional to the forecast error covariance [35], that is,
Q(tm) ≈ αP˜ bm, (8)
where P˜ bm is the prior covariance estimate from imperfect model and α is an empirically chosen scalar.
Technically, this approach estimates the model error covariance Q with a multiplicative covariance inflation
of P˜ bm and ignores the cross covariances Qx˜e completely. Moreover, the parameter model g is often chosen on
an ad hoc basis, such as the persistence model, g = 0, or the white noise processes, g = σW˙t, [37, 38], with
an empirically chosen noise amplitude σ. We should note that other models for g were also proposed in [39]
with empirical choices of Q.
2.2 Estimating model error covariances
While estimation of the forecast bias term, e¯, is important in mitigating model error, many approaches to
account for model error are heavily associated with estimating matrix Q in (3). This traditional point of
view is often based on assuming that model error can be treated as unbiased Gaussian white noise processes
[40, 41, 42],
e(t) = x(t) − x˜(t) ≈ η(t), η(t) ∼ N (0, Q(t)), (9)
where in some applications, further stationarity assumption may take place by setting Q to be time-
independent. While this tacit assumption can be useful for some problems, it may not always produce
satisfactory estimates since model error also introduces forecast bias e¯, cross covariance statistics, Qx˜e and
other higher-order statistics that are needed for accurate statistical estimation.
Just to name a few examples, in the weak constrained 4D-VAR implementation [43], unbiased model error
is assumed, that is, e¯ = 0, in addition to an empirically chosen model error covariance estimator. Typical
choice sets P (t) = B in (3), for a fixed covariance matrix B. In this case, Qx˜e, Q and P˜ are implicitly
accounted and the accuracy of estimates relies on the methodology for choosing the B matrix. In the
ensemble Kalman filter community, such practice (setting e¯ = 0 and modeling error covariance with (8)) is
known as “multiplicative covariance inflation”; this practical approach was introduced to mitigate covariance
underestimation due to unresolved scales model error [44, 45] or when small ensemble size is used [46]. An
alternative approach known as “additive covariance inflation” was also used to account for inhomogeneity of
the underestimated covariance matrix [47, 48, 49, 50]. In practice, one prefers the multiplicative covariance
inflation rather than the additive covariance inflation since it is difficult to specify the appropriate ansatz for
the additive inflation matrix with appropriate scaling when the system variables have different quantifying
units (personal communication with J.L. Anderson). There is also a relaxation-to-prior method [51] that was
found to be useful in various applications; this method adjusts the analysis error covariance to be closer to
its prior error covariance estimate with an empirical chosen adjustment coefficient. Note that this approach
implicitly approximates Qx˜e with the empirical cross-covariances between the prior and posterior errors, in
addition to Q. A more systematic Bayesian approach that alleviates the covariance undersampling in the
ensemble Kalman filter context was studied by [52].
Alternatively, adaptive methods to estimate covariance statistics have been proposed since early 70’s
[53, 54, 55]. These methods were designed to estimate covariance matrices, Q,R, and C of the following
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discrete-time linear stochastic filtering problem,
xm+1 = Fxm + em, em ∼ N (0, Q), (10)
vm = Hxm + σm, σm ∼ N (0, R), (11)
where F and H are linear dynamical and observation operators, respectively. The formulation also allows one
to estimate E(emσ
⊤
m) = C, the correlation between the system and observation error noises. In this filtering
problem, the truth is stochastic; it is inherently driven by unbiased white noise processes. Therefore, the
covariance matrix Q is not associated with any model error term.
The main idea of these adaptive covariance estimation methods [53, 54, 55] is to apply Bayes’ theorem to
obtain a posterior distribution of the augmented state and parameters at each time step tm when observations
become available,
p(xm, θm|vm) ∝ p(xm, θm)p(vm|xm, θm), (12)
where p(xm, θm) denotes the prior distribution of the augmented state and parameters at time tm and
p(vm|xm, θm) denotes the likelihood function of the augmented variables, corresponds to the observation
model in (11). In this formalism, θm = (Q(tm), R(tm), C(tm)). The parameterization method can be formally
described as follows: Since p(xm, θm) = p(θm)p(xm|θm) by definition of the conditional distribution, we can
rewrite (12) as follows:
p(xm, θm|vm) ∝ p(θm)p(xm|θm)p(vm|xm, θm), (13)
∝ p(θm)p(xm|θm, vm). (14)
Here, the first step in the filtering algorithm is to estimate p(xm|θm, vm) by applying Bayes’ theorem to the
last two components of (13). Subsequently, we implement the Bayes’ theorem one more time in (14) to obtain
the posterior distribution of the augmented variables (xm, θm).
Numerically, the two-step Bayes’ update in (13)-(14) can be approximated with the Kalman filter [53,
54, 55] or an extended Kalman filter for nonlinear systems in [56]. We should mention that the paper [56]
also provides an efficient implementation for the method in [55]. Recent extension of these methods using
ensemble Kalman filters were shown in [57, 58, 59]. Indeed, numerical comparisons between the three methods
in [57, 58, 59] were shown on various examples in [59]. Practically, the first step is to apply a primary filter
(either KF, EKF, or EnKF) to update the statistics for xm, and subsequently, a secondary filter is used
to update θm. In the secondary update, the prior model for p(θm) is typically empirically chosen, e.g., the
persistence model, θm+1 = θm. To avoid unobservability of the parameters due to sparse observations with
dimension less than the number of parameters, θm, one includes information from past observations up to
lag L > 1 (see [55, 58, 59] for methods that can use L ≥ 1).
Practically, the primary filter produces Gaussian statistics of p(xm|θm, vm, . . . , vm−L+1) since Kalman-
based filters are used in estimating xm. However, the dependence of p on θm can be described non-uniquely
[53, 54, 55, 57, 58, 59]. For example, Belanger’s formulation [55] defines p(xm|θm, vm, . . . , vm−L+1), as a
likelihood function of θm, through the following observation model,
σm,ℓ = Fm,ℓθm + ηm,ℓ, ηm,ℓ ∼ N (0,Wm,ℓ), ℓ = m, . . . ,m− L+ 1, (15)
for any lags L ≥ 1. In (15), components of σm,ℓ = {dmd⊤m−ℓ} are the product of the forecast error estimates
in the observation space,
dm = vm −Hx¯bm, (16)
where x¯bm denotes the mean prior estimate obtained from the primary filter. In (15), the observation operator
Fm,ℓ and the noise covariance matrix Wm,ℓ are functions of x¯bm−ℓ and they will be constructed recursively.
We should also note that Wm,ℓ is typically approximated under Gaussian assumption (see [55, 58] for the
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detail formula of Fm,ℓ and Wm,ℓ). With the pseudo-observation model in (15), a secondary Kalman filter is
implemented L-times to sequentially update the posterior mean and covariance estimate of θm, accounting
for the pseudo-observations {σm,ℓ}ℓ=1...,L one at a time. We should note that there are other methods to
approximate the secondary Bayes’ update in (14) that use different observation model and do not use Kalman
update, see e.g., [57, 59].
While these adaptive covariance estimation methods were not designed to estimate Q associated with
model error, it can be used to estimate the model error covarianceQ, assuming that the model error estimator
is an unbiased white noise process as in (9). In this particular application, the covariance estimation method
essentially acts like an adaptive covariance inflation method of an additive type. We should mention that
while adaptive covariance inflation methods have been proposed [60, 61, 62], they are all multiplicative type;
they adaptively estimate the multiplicative factor α in (8). In the following, we will demonstrate a numerical
example showing application of the adaptive covariance estimation method as an additive adaptive covariance
inflation method for ETKF [9] to mitigate model error.
Example 2: Consider a data assimilation experiment with the Lorenz-96 model [63],
dxj
dt
= (xj+1 − xj−2)xj−1 − θxj + 8, (17)
with an additional parameter θ. In (17), index j = 1, . . . , 40 represents the spatial grid point with periodic
boundary condition. Let the truth be solutions of (17) with θ = 1 at every time interval ∆t = 0.05
(which corresponds to the standard Lorenz’s 6-hour time unit). Suppose that model error is committed
from specifying θ = 1.2 which is different than the true value of θ = 1 but this misspecification is unknown.
Suppose noisy observations of xj at every grid point are collected; these observations are corrupted with
i.i.d. Gaussian noises with mean zero and unknown error variance, resulting to a 40-dimensional identity
error covariance matrix R = I40 without cross correlation C = 0.
We will now employ the ETKF method (based on the formulation in [9]) with the additive adaptive
covariance inflation method discussed above. The detail of the algorithm is in the Appendix of [58]. In this
implementation, we implicitly assume that the model error, e(t), is modeled as unbiased white noise Gaussian
processes as in (9) with a covariance structure,
Q =


q1 q2 0 0 . . . 0 q2
q2 q1 q2 0 . . . 0 0
0 q2 q1 q2 . . . 0 0
...
. . .
. . .
. . .
...
q2 0 0 . . . 0 q2 q1

 , (18)
so we will estimate only two parameters {q1, q2} for Q. Of course, this choice is adhoc, and it is partially
motivated by the isotropic characteristic of the Lorenz-96 model in (17). Different choices of Q were used in
[57, 59]. In addition to these two parameters, we also estimate the variance of R = rI40, which true value is
r = 1.
In Figure 1, we compare the results with two ensemble sizes, 10 and 20. Both experiments use ensemble
sizes that are considerably smaller than the model state space 40. Obviously, the larger ensemble size
experiment produces much better results (the absolute error for the 10-th component of x is smaller than
that with smaller ensemble size). Notably, the absolute error for the observation error covariance parameter,
r, is closer to zero and smaller covariance inflation parameters q1, q2 are obtained in the experiment with
ensemble size of 20. When ensemble size is smaller, 10, sampling error becomes more severe so the adaptive
filter weights more to the observations by reducing the estimate for r below its true value (with larger absolute
error in r). The net effect of this reduced estimate in r is similar to implementing a multiplicative covariance
inflation. Simultaneously, the adaptive filter implicitly applies larger additive covariance inflation with much
larger q1, q2. We suspect that one can improve this result with appropriate choices of Q; here, our goal is
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Figure 1: Absolute errors of the posterior mean estimates (grey for ensemble size 10 and black for ensemble
size 20) for x10 [left upper panel] as functions of time. Absolute errors of r as functions of time [left lower
panel]; as a reference, the true r is one. The remaining two panels depict the trajectories of the parameters
q1, q2.
only to demonstrate that an adaptive covariance estimation method can be used as an adaptive covariance
inflation method in the presence of model error.
2.3 Simultaneous estimations of bias and model error covariances
The numerical approaches discussed above estimate only one of the model error statistics, either the mean or
covariance, imposing various assumptions on the other statistics that are not estimated. Furthermore, these
methods ignore estimating the cross-covariances, Qx˜e, between the prior forecast, x˜(t) and the model error,
e(t).
There are few adhoc methods that simultaneously estimate for, both, the forecast bias (or mean model
error) as well as the model error covariance. For example, the multiphysics (or multimodel) ensemble approach
was proposed for simulating surrogate statistics for the model error such as the forecast bias (see the review
article [64]). Recent mathematical justification of such approaches was given through an information theoretic
framework [65]. Another method, proposed by [66], simultaneously estimates a certain parametric form of
mean model error estimator and applies an empirical choice of additive covariance inflation.
Alternatively, there is also the “deterministic approach” introduced by [67, 68, 69]. Their approach is
motivated by the deterministic formulation that was introduced in [70] which approximates the model error
dynamics with a short-time Taylor’s expansion about the initial conditions. That is, suppose that x˙ = f(x)
denotes the true dynamics and ˙˜x = f˜(x˜) denotes the imperfect model, then they approximate the model
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error dynamics as follows,
e(t) =
∫ t
0
(x˙− ˙˜x)dτ =
∫ t
0
(
f(x(τ)) − f˜(x˜(τ))
)
dτ ≈
(
f(x(0)) − f˜(x˜(0))
)
t, (19)
employing a first-order Taylor’s truncation. Subsequently, the model error mean and covariance statistics,
including the cross covariance statistics Qx˜e, are estimated by taking an empirical ensemble average locally
about the initial conditions. In their implementation, they apply further approximations to obtain these
statistics; either with the reanalysis data [67] or some linear tangent approximation of f˜ [69]. Improvement for
short-time assimilation interval were shown [69] and the method starts to diverge for longer time assimilation
interval, by design.
In the next section, we discuss methods that implicitly account for all the model error statistics through
stochastic modeling for e beyond the traditional white noise approximation in (9). In particular, we discuss
treatment for model error from unresolved scales. One shall see that while these approaches do not directly
estimate the statistics of the model error and some of them utilizes the algorithms that were described in
Sections 2.1 and 2.2 to estimate parameters in the stochastic model for e.
3 Stochastic parameterization of model error from unresolved scales
Model error from unresolved scales has been an important mathematical subject under different names;
e.g., model reduction, averaging, homogenization, Mori-Zwanzig formalism, just to name a few. Loosely
speaking, the mathematical perspective is to obtain an approximate model that involves only the coarse-
grained variables of interest. For practical reasons, one is interested to use the reduced models in place of
the full dynamics and therefore model error is committed by not resolving all of the variables beyond these
coarse-grained variables of interest.
An elegant way to formulate this problem is through the Mori-Zwanzig formalism [71, 72, 73], which is
just a way of rewriting a system of differential equations without assuming any scale separation. Suppose
the full dynamics are governed by a system of ODE’s,
dx
dt
= f(x, y), (20)
dy
dt
= g(x, y), (21)
with initial conditions, x(0) = x0, y(0) = y0, and, for simplicity, we assume that x is the coarse grained
variables of interest and y denotes the unresolved variables. Following the notation in [74], one can rewrite
the dynamics of x in a closed form known as the Generalized Langevin Equation (GLE),
dx
dt
= f¯(x) +
∫ t
0
K(x(t− s), s) ds+ n(x0, y0, t). (22)
Here the first term is a Markovian dynamics, resulting from a projection of f onto a function of x only.
This implies that the GLE in (22) is non-unique, it depends on the choice of the projection operator (see
[72, 75] for various different choices of projection operators). Particularly relevant to our case is to define
the projection operator to be a conditional expectation given x such that, f¯(x) = E[f |x], as suggested in
[75, 74]. The last two terms in (22) are consecutively known as the “memory” term (defined with a memory
kernel K) to represent feedback from the unresolved scales and the orthogonal dynamics that is treated as
“noise” that depends on the randomness of the initial condition, y0. See e.g., [74, 75] for detail derivation
or more general formulation of the GLE. While the formula in (22) is exact, realizing the last two terms in
(22) is not easier than solving the full problem in (20)-(21). Hence, model error is unavoidable when some
approximation is applied to estimate the last two terms in (22).
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Many methods were introduced to estimate the memory and noise terms in (22), see e.g., [76] and the
references therein. On the other hand, there are many methods that were not directly designed to estimate the
right hand terms in (22) but they implicitly simulate these terms. Just to name few examples of such methods
that can be valuable for data assimilation applications: (i) superparameterization [77]; (ii) the reduced order
modified quasilinear Gaussian algorithm [78]; (iii) the physics-constrained multilevel nonlinear regression
model [79, 58]; (iv) Markov chain type modeling [80, 81]; (v) Heterogeneous Multiscale Methods-based reduced
models [82]. (vi) Classical turbulent closure methods such as the Direct-Interaction Approximation (DIA) for
parameterizing subgrid scale processes in isotropic turbulence [83] and its derivatives, Quasi-diagonal DIA,
cumulant update DIA, and the regularized cumulant update DIA [84] for modeling non-Markovian memory
in inhomogeneous turbulence over topography. As of the authors knowledge, among all methods mentioned
above, two of them that have made direct impact are the approach in (i) and (iv) which have been used
to model cloud processes in GCM’s [85, 86]. Some versions of (i) were also used for simulating combustion
problems [87, 88]. The QDIA method in (vi) has also been proposed as a closure model for data assimilation
[89].
While most of these approaches are derived from the first principle, assuming that the true dynamics are
governed by a certain function (typically with simple prototype models of geophysical fluid dynamics), in
practice, the modelers don’t know what is the true dynamics. What available is a set of complex equations
that is believed to be a reasonable approximation of the dynamics of x, such as the General Circulation Models
(GCM’s) in the weather and climate prediction community. In such a scenario, extension of these methods
can be quite challenging. Conceptually, one way to formalize this issue is to assume that the available model,
˙˜x = f˜(x˜) = f¯(x˜), is an approximation of the unknown dynamics in (20)-(21). Mathematically, this assumes
that there exists a projection operator that maps (x, y) to x, corresponding to the dynamical operator f¯
given by the modelers. Of course, the projection operator is unknown in general and this assumption is only
to give some intuition. A similar perspective was also described in [76]. Therefore, the model error estimator,
e(t) = x(t) − x˜(t), is non-Markovian,
de
dt
=
dx
dt
− dx˜
dt
= f¯(x˜ + e)− f¯(x˜) +
∫ t
0
K(x˜(t− s) + e(t− s), s) ds+ n(x0, y0, t), (23)
expressed in terms of x˜ and e. If initial errors are zero, then the model error is intrinsically generated
through the memory and noise terms in (23). In this context, stochastic parameterizations can be interpreted
as methods to approximate this integro-differential equation. Three questions naturally arise:
1. Which model should we use to approximate (23)?
2. If the class of models to be used are in parametric form and Markovian, how do we estimate the
parameters in these parametric models?
3. Also, how do we ensure the stability of these parametric models?
For the third question, it was shown that if the proposed parametric form is not carefully chosen, then
the resulting model can blow up in finite time and gives no prediction skill [90]. For a class of diffusion
processes, a physics constrained parametric model has been proposed to overcome this issue [79, 58]. While
this strategy gives guidelines for choosing parametric models, it is indeed not easy to find one that produces
accurate and consistent equilibrium statistical estimates as shown in the example in [58] and hence we are
back to question 1 above. We should note that the first two questions are wide open problems in general
and are the same questions that have been posted in turbulent closure problems [83]. Next, we review some
numerical approaches below to gain some intuition.
Example 3 ∗ Consider filtering the two-layer Lorenz-96 model [63], whose governing equations are a system
∗This example is taken from Section 4 of [31]
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of N(J + 1)-dimensional ODEs given by,
dxi
dt
= xi−1(xi+1 − xi−2)− xi + F + hx
iJ∑
j=(i−1)J+1
yj ,
dyj
dt
=
1
ǫ
(
ayj+1(yj−1 − yj+2)− yj + hyxceil(i/J)
)
,
(24)
where ~x = (xi) and ~y = (yj) are vectors in R
N and RNJ respectively and the subscript i is taken modulo
N and j is taken modulo NJ . In the example here, we set N = 8, J = 32, ǫ = .25, F = 20, a = 10, hx =
−0.4, hy = 0.1. In this regime the time scale separation is small. To generate the observations, we integrate
this model using the Runge-Kutta method (RK4) with a time step δt = 0.001 and take noisy observations
~vm ∈ RM at discrete times tm with various time intervals ∆t = tm+1 − tm given by,
~vm = h(~x(tm)) + ηm, ηm ∼ N (0, R), (25)
where R = 0.1IM . In our experiment below, we set M = 4 by taking observations at every other grid point.
Suppose the reduced (or the available) model is the single layer Lorenz-96 model:
dx˜i
dt
= x˜i−1(x˜i+1 − x˜i−2)− x˜i + F, (26)
such that the right-hand-term is f¯ in notation (23) and let’s try to address the two questions above. While
systematic derivations to deduce the appropriate model error estimator for this simple model are available
[91, 92], they may be difficult to carry when the models are complicated such as GCM’s.
First let’s review a popular approach introduced by [93] that is strongly advocated in [94]. The key idea
of this approach is to use a finite difference approximation to construct a time series that represents the
model error (residual) when model (26) is used in place of the unknown dynamics in (24). In this particular
example, this residual time series can be obtained as follows:
ri(t) ≈
(
xi(t+ δt)− xi(t)
δt
)
− xi−1(t)(xi+1(t)− xi−2(t))− xi(t) + F, (27)
where we use a very short time step δt = 0.005 relative to the Lorenz 3 days decaying time scale (or 0.2
model time unit) following [94]. Obviously, this is a poor approximation when the data is noisy or sparse in
time; also, it requires knowing all components of xi(t). Then they apply a standard least squares method to
fit this time series to a polynomial equation, such as,
ri = −ζ − αxi − βx2i − γx3i + r˜i, (28)
where the residuals r˜i from the polynomial fitting are subsequently fitted again to an AR(1) model, r˜i(t) =
φr˜i(t − δt) + σˆ(1 − φ2)W˙i(t), where W˙i(t) ∼ N (0, t) are standard i.i.d white noises. We should mention
that this multiple regression fitting approach has been generalized and used to infer parameters of nonlinear
multilevel regression models [95, 96] where the model error estimators are chosen to linearly depend on x.
Repeating this multiple regression procedure, we reproduce the parameters in [94], which are ζ = −0.198,
α = 0.575, β = −0.0055, γ = −0.000223, φ = .993, σˆ = 2.12.† Let’s denote this stochastic parametric model
as the Cubic+AR(1) reduced model. We found that this model is not useful at all for data assimilation when
observations of xi are spatially sparse (a total M = 4 observations resulting from observing at every other
grid point of xi), the filtered solutions with this model diverges catastrophically (the average RMSE goes to
numerical infinity). Now let’s repeat the same fitting procedure on a simpler model error estimator, enforcing
ζ = β = γ = 0 in (28) and φ = 0 such that r˜i(t) = σˆW˙i(t); essentially, we want to fit a linear damping
†Here negative signs are used in (28) for consistent notations throughout this note. In [31], they presented the same results
without negative signs.
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(where we hope that α > 0) and a white noise; in this case we obtain α = 0.481 and σˆ = 2.19 and let’s call
the resulting model as the offline model.
Alternatively, let’s fit these two parameters adaptively or online. Technically, we employ the state-
augmentation approach to obtain α with the following model,
dx˜i
dt
= x˜i−1(x˜i+1 − x˜i−2)− x˜i + F +
[
− αxi(t) + σˆW˙i(t)
]
,
dα
dt
= 0,
(29)
and simultaneously implement the adaptive covariance estimation method discussed in Section 2.2 to obtain
σˆ and the observation error covariance R. In (29), the terms in the square bracket in the dynamical equations
for xi are the estimator for (23). The implementation detail of this parameter estimation method is described
in Appendix E of [31]. It is worth mentioning that the same strategy (fitting method) has been applied to
parameterize the physics constrained models in [79, 58] and to parameterize the Markovian models for the
memory and noise terms in (23) as effective reduced models for Fourier modes of the Nonlinear Schro¨dinger
equation [97].
For comparison, we also include the perfect model experiment with the full model in (24) which runs
ETKF with an ensemble of size 528, doubling the total state variables N(J +1), whereas the reduced model
only uses ensemble of size 18, doubling the dimension of the augmented slow variables and one parameter α,
(J + 1). In Figure 2 we compare the performance on the filtering experiment in the presence of model error
for different observation time intervals. We see that the offline model gives worse performance relative to the
observation in terms of RMSE. On the other hand, the online model produces filtered solutions with RMSEs
that are relatively close to those of the full model. We should point out that while the full filter and the offline
method runs ETKF with known observation error covariance matrix R, the online method directly estimates
R. Moreover, while the offline method requires a training data set of xi to estimate the parameters α and
σˆ, the online model uses only noisy sparse observations vi to estimate these same parameters on-the-fly. We
show the estimated parameters α and σˆ to be compared with those from the offline estimates. Relative to the
offline estimates, the online method produces smaller damping coefficient α (which means the online model
retains more memory) and smaller noise amplitude σˆ (which implies that it is more accurate). The slight
deterioration of the full model for long observation time relative to the online method could be due to the
stiffness of the full model.
In Figure 3 we compare the equilibrium marginal density and the correlation function of xi from the online
and offline models to those of the slow variables of the full model. In this regime, both the equilibrium density
and the correlation function from the online model agrees with those from the full model over a very long
time (note that 4 model time units corresponds to 800 integration steps for the reduced model). In contrast,
the offline model and even the Cubic+AR(1) model advocated in [94] showed some deviations, notably
underestimating the variance and overestimating the lag correlations at the later times. Since the online
model gives good filter performance and also closely matches the equilibrium statistics of the full model, we
conclude that for this specific example, the model error estimator can be modeled by a linear damping and a
white noise in this regime. Furthermore, the online parameter estimation scheme is a natural way to infer the
parameters in this stochastic model. The problem with the linear regression based estimation scheme of [94]
is that the deterministic parameter, α, and diffusion amplitude, σˆ, in the stochastic parameterization model
in (29) are estimated separately. So, when a parameter in (29) is independently perturbed, the nonlinear
feedback of this perturbation is not appropriately accounted in the filtered estimates. In contrast, the online
method constantly accounts for the nonlinear feedback of the perturbed parameters through the adaptive
estimation strategy.
While the online parameterization methods discussed in the example above are basic recursive methods
that estimate mean and covariance statistics (see Sections 2.1 and 2.2), it is worth mentioning that carefully
designed offline minimization schemes have also been proposed to optimize some functionals such as the
12
0.005 0.01 0.02 0.04 0.08 0.16
0
0.1
0.2
0.3
0.4
0.5
0.6
Observation Time (∆t, log scale)
R
M
SE
 
 
Obs Noise
Full Model
Online Fit
Offline Fit
0.005 0.01 0.02 0.04 0.08 0.16
0
0.5
1
1.5
2
2.5
Observation Time (∆t, log scale)
Pa
ra
m
et
er
 V
al
ue
 
 
σˆ, offline fit
σˆ, online fit
α , offline fit
α , online fit
Figure 2: Filter performance measured in terms of root mean squared errors as functions of observation time
interval (left). The full model filter uses (24), the same model used to generate the data. The Cubic+AR(1)
model is not shown since the filtered diverged. In the right panel, we compare the α and σˆ parameters from
the online and offline estimation techniques. The Offline Fit curves use parameters α = 0.481 and σˆ = 2.19
estimated using the technique of [94].
−20 −15 −10 −5 0 5 10 15 20 25
0
0.005
0.01
0.015
0.02
0.025
0.03
0.035
xi
de
ns
ity
 
 
Full Model
Online Fit
Offline Fit
Cubic+AR(1)
0 0.5 1 1.5 2 2.5 3 3.5 4
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Lag (model time units)
Co
rre
la
tio
n 
fu
nc
tio
n
 
 
Full Model
Online Fit
Offline Fit
Cubic+AR(1)
Figure 3: Climatological forecast performance is compared in terms of the invariant measure of the slow
variables shown as a probability density function (left) and the autocorrelation as a function of lag steps of
length 0.005 (right). Each curve is computed from a long free run with 1.6× 107 data points.
13
information theoretic criteria [98, 99]. We should note that such schemes are typically numerically expensive
but the parameters are estimated offline (only once) and this approach has been shown to be useful in some
applications [100].
A simple fact that one should notice from example 3 is that the online fitting through the filtering
procedure produces statistics of the joint state-parameters (x, α, σˆ) with respect to the posterior density,
p(x, α, σˆ|v). This suggests that one should consider investigating model error in data assimilation with a
posterior distribution formulation rather than with the prior distribution formulation as in Section 1. A
natural question one will ask is: Why does the strategy in the example above work? In other words, why do
the chosen stochastic model in (29) simultaneously produce accurate filtering and climatological statistical
predictions? Is this just a coincidence or can we justify this finding mathematically? We will address these
questions in the next section.
4 A linear theory for filtering with model error from unresolved
scales
In this section, we review the theoretical result established in [31] which is based on analyzing model error
from unresolved scales with a posterior distribution formulation. We will compare it to that of a standard
treatment from the prior distribution formulation [101]. Since our plan is to mathematically answer all of the
questions above, we will consider a special setting relative to (20)-(21) to understand the issue. In particular,
we consider stochastic dynamical systems of the following form,
dx = f(x, y; θ) dt+ σx(x, y; θ)dWx, (30)
dy =
1
ǫ
g(x, y; θ) dt+
σy(x, y; θ)√
ǫ
dWy , (31)
where y is assumed to evolve on a faster time scale relative to x and the scale gap is characterized by the
parameter ǫ. To facilitate the analysis in the simplest setting, we consider continuous-time observations,
dz = x dt+
√
RdV, R > 0, (32)
where dWx, dWy, dV are i.i.d. Wiener processes and θ denotes the true model parameters. We should note
that while the analytical derivation was performed with continuous-time filter, the numerical verification in
all of the examples below will be based on discrete-time filtering with large observation times.
The main result from [31] loosely states that: There exists a reduced model that involves only x˜ of the
following form:
dx˜ = f˜(x˜,Θ) dt+ σ˜x˜(x˜,Θ)dW, (33)
where Θ depends on ǫ and θ, such that the filter mean and covariance estimates resulting from the reduced
filter in (33), (32) are close to the corresponding posterior statistics obtained from the true filter in (30)-
(31), (32). To clarify, the statistics of the reduced filter are defined with respect to conditional density p(x˜|z)
while the statistics of the full filter are defined with respect to conditional density p(x, y|z). For the linear
and Gaussian case, the resulting reduced model in (33) can be specified uniquely. The same unique set of
parameters can also be found by matching equilibrium statistics of (30) and (33). In other words, a consistent
reduced model that simultaneously gives optimal filtering as well as accurate climatological prediction exists
and is unique in Gaussian and linear setting.
While this result supports the finding in example 3, that is, such a consistent reduced model exists, this
theory does not provide a general way to find the reduced model for every problem. On the other hand,
the results in example 3 suggested that even if the correct ansatz is given (i.e., damping and white noise
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in this case), a natural method to obtain these parameters should be based on a filtering procedure that
gives conditional estimates. For the linear and Gaussian setting, offline fit on the second order statistics are
sufficient because other than being sufficient statistics, the covariance statistics are closed, meaning they do
not depend on higher-order statistics as opposed to nonlinear problem as shown in example 1. We believe
that this is the key factor that explains why the not so carefully designed offline fitting method, such as
[93, 94], tends to produce inaccurate estimates even if the same parametric form (damping and white noise)
is used.
Rather than re-deriving this result (as shown in [31]), we use two examples below to find the connection
of this result with the discussions in the previous sections. The first example is the linear example studied in
[101, 31] and the second one is a nonlinear problem introduced in [102, 103]. With these simple examples, we
hope to elucidate the importance of posterior distribution formulation over the prior distribution formulation
in accounting for model error in data assimilation of multiscale dynamical systems. Second, we want to
emphasize that while the stochastic parameterization is a powerful tool that implicitly accounts for all
nontrivial statistics of model error, there are still many remaining challenges in lifting this idea to solve
general problems.
Example 4: Consider filtering a partially observed two-scale linear system of stochastic differential equations
[101],
dx = (a11x+ a12y) dt+ σx dWx, (34)
dy =
1
ǫ
(a21x+ a22y) dt+
σy√
ǫ
dWy . (35)
Here, Wx,Wy are independent Wiener processes, the parameter ǫ characterizes the time scale gap between
the variables x ∈ R and y ∈ R. We assume throughout that σx, σy 6= 0 and that the eigenvalues of the
matrix,
A =
(
a11 a12
1
ǫa21
1
ǫa22
)
,
are strictly negative, to assure the existence of a unique joint invariant density ρ∞(x, y). Furthermore we
require a˜ = a11 − a12a−122 a21 < 0 to assure that the leading order slow dynamics,
dx˜ = a˜x˜ dt+ σx dWx, (36)
supports an invariant density. It is well known that solutions of the one-dimensional SDE in (36) converge
to solutions, xǫ(t), of (34) pathwise up to finite time, assuming ǫ → 0. The convergence rate is on the
order of ǫ (see e.g.,[104] for detail). Relating to (22) and the discussion preceding to (23), one can think of
f¯(x˜) = a˜x˜+ σx W˙x as a result of the following projection f¯(x˜) = limǫ→0 E[a11x+ a12y+ σxW˙x|x˜], where the
expectation is taken with respect to the invariant density p∞(y|x). Here, we use the physicist notation, for
white noise W˙x ≡ dWx/dt to simplify the notation.
Reduced Stochastic Filter (RSF): Consider (36) as a prior model to assimilate noisy observations,
vm = x(tm) + ε
o
m, ε
o
m ∼ N (0, R), (37)
of the slow variable x at discrete time step tm with constant observation time interval ∆t = tm+1 − tm.
Connecting to the discussion before (23), this approach essentially offers no treatment on model error, that
is, e = 0 since f¯(x˜) = a˜x˜+ σx W˙x. Since this example is linear, the optimal solutions can be obtained by the
Kalman filter formula, in the sense that the solutions minimize the posterior error variance [1]. In discrete
form, the prior mean and error covariance estimates [105, 106] are given by
¯˜xbm = F ¯˜x
a
m−1,
P˜ bm = FP˜
a
m−1F
⊤ +Q,
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Figure 4: Average mean square error (left panel) and the asymptotic posterior error covariance estimate
(right panel) as functions of scale gap ǫ for filtering the linear problem in (34)-(35).
where F = ea˜∆t and Q =
σ2x
−2a˜ (1 − e2a˜∆t). We should emphasize that this Q is not associated with statistics
of model error. This Q is the variance of the stochastic forcing in the reduced model in (36). The posterior
mean and covariance update are given by,
¯˜xam = ¯˜x
b
m +Km(vm − ¯˜xbm),
P˜ am = (1−Km)P˜ bm,
Km = P˜
b
m(P˜
b
m +R)
−1.
We will refer to this filtering scheme as the reduced stochastic filter (RSF) as in [101]. It has been shown
that the posterior filtered estimates of such a reduced stochastic filter converge to the true filtered solutions,
with a convergence rate of
√
ǫ for general nonlinear filtering problems, see [107].
Now we discuss results from a numerical simulation with a11 = a21 = a22 = −1, a12 = 1, σ2x = σ2y = 2,
∆t = 1, and R = 50%V ar(x) and compare them with the true filtered solutions, obtained with the perfect
prior model in (34)-(35). In Figure 4, we show the filter accuracy (left panel), quantified by the Mean-Square-
Error (MSE) between the posterior mean state estimate, ¯˜xam, and the truth, xm, and the asymptotic error
covariance estimate (right panel) of the posterior mean estimate, ¯˜xam, as functions of scale gap ǫ. Note
that the asymptotic posterior error covariance estimate is constant for this linear problem after m = 10, 000
iterations. Notice also that when ǫ≪ 1 is small (x is much slower than y), the MSEs are almost identical to
those of the true filter. For moderate scale gap with larger ǫ, notice that the filter accuracy degrades (with
higher MSE) and the true prior error covariance P bm is significantly underestimated (see the solid line with
circles in Figure 4).
RSF with an additive noise correction (RSFA): Here, we will use a prior distribution formulation to
treat model error. In particular, we just apply an asymptotic expansion on the prior model, ignoring the
availability of noisy observations. Let’s rewrite the fast equation in (35) as follows,
y dt =
a21
a22
x dt−√ǫσy a12
a22
dWy +O(ǫ). (38)
Substitute this expression into the slow equation in (34), we obtain:
dxˆ = a˜xˆ dt+ σx dWx −
√
ǫσy
a12
a22
dWy . (39)
One can check [101] for a more concise formal asymptotic expansion; therein, they also showed that solutions
of (39) converge pathwise to solutions, xǫ(t), of (34) up to finite time, with convergence rate of order ǫ2.
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We will refer to the filtering strategy with the prior model in (39) as the reduced stochastic filter with an
additive noise correction (RSFA), following the notation in [101]. The additional additive noise correction
in (39) essentially inflates the prior covariance estimates in each filtering step, so RSFA is an analog of an
additive covariance inflation method [47, 50].
To be consistent with the notations in (22), (23), and assuming that f¯(x˜) = a˜x˜ + σxW˙x, this reduced
filter model is equivalent to modeling (23) with the following estimator,
deˆ = a˜eˆ dt−√ǫσy a12
a22
dWy. (40)
where eˆ ≡ xˆ− x˜; here, x˜ solves (36) and xˆ solves (39). When eˆ(0) = 0, the model error estimator is essentially
an unbiased white noise process. Our numerical simulations suggest that while the filter accuracy is improved
(notice in Figure 4 that the MSE are almost identical to those of the true filter), the true posterior error
covariances, P bm, are still underestimated.
Optimal Reduced Stochastic Filter: Finally, let’s discuss the model error estimator resulting from a
posterior distribution formulation on the continuous-time filtering problem in (34), (35), (32). In [31], they
rigorously proved that there exists a unique choice of estimator of model error, e ≡ x − x˜, such that the
filtered solutions are optimal in the sense that both the mean and covariance estimates are as accurate as
those of the true filter. The model error estimator for (23) satisfies the following dynamics,
deˆ = a˜eˆ dt−√ǫσy a12
a22
dWy − ǫaˆa˜(eˆ + x˜) dt− ǫσxaˆ dWx. (41)
where aˆ ≡ a12a21/a222. Notice that the model error estimator is not just a Gaussian white noise, in this case
it also depends on x˜. With this model error estimator, the reduced filter prior model is given by
dxˆ = dx˜+ deˆ
=
(
a˜x˜ dt+ σx dWx
)
+
(
a˜eˆ dt−√ǫσy a12
a22
dWy − ǫaˆa˜(eˆ+ x˜) dt− ǫσxaˆ dWx
)
= a˜(1 − ǫaˆ)xˆ dt+ σx(1− ǫaˆ) dWx −
√
ǫσy
a12
a22
dWy, (42)
where xˆ ≡ x˜+ eˆ.
We numerically confirm the accuracy of both the mean and covariance estimates with this optimal reduced
model in Figure 4. We should also point out that this result was found by enforcing the linear optimality
condition, E(e · xˆ) = 0 (which is satisfied when a filtered mean estimate is optimal [108]). With this choice
of parameters, the reduced filtered solutions become consistent in the sense that the actual error covariance
of the filtered mean estimate matches the filtered error covariance estimate, E[e2] = E[(x − x˜)2] + O(ǫ2).
Numerically, notice that the MSE (a numerical estimate for the actual error covariance estimate) and the
posterior error covariance estimate in Figure 4 are very similar for only the true filter and the optimal
one-dimensional filter. In this example, these are the only consistent filters.
As we pointed out before, the same reduced model in (42) can be determined by fitting the reduced filter
model to the equilibrium covariance statistics and the correlation time of the underlying true signal that
solves (34)-(35) for the slow variable x. As a consequence, the optimal reduced model in (42) produces, both,
an optimal filtering and an optimal equilibrium statistical prediction. This is the linear theory established in
[31]. In this linear and Gaussian setting, parameters of the reduced model can be obtained offline by fitting
climatological statistics.
While numerical example 3 suggests a possibility for this theory to hold for general nonlinear systems,
the problem becomes much more difficult to analyze in a general setting. For general continuous-time
nonlinear filtering problems, the true filtered solutions are characterized by conditional densities, which solve
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a stochastically forced partial differential equation known as the Kushner equation [109] and solving the
Kushner equations is nontrivial for general high-dimensional nonlinear problems. Rather than attempting to
analyze this issue in a general setting since it may not necessarily give practical algorithms to tackle high-
dimensional problems, we will use the next example to verify the linear theory above on a simple nonlinear
test model.
Example 5: Consider the nonlinear filtering problem [101] of noisy observations,
vm = x(tm) + ε
o
m, ε
o
m ∼ N (0, R), (43)
where
dx
dt
= −(γ˜ + λˆ)x+ b˜+ f(t) + σxW˙x,
db˜
dt
= −λb
ǫ
b˜+
σb√
ǫ
W˙b, (44)
dγ˜
dt
= −dγ
ǫ
γ˜ +
σγ√
ǫ
W˙γ ,
with λˆ = γˆ − iω and λb = γb − iωb. The model in (44) was introduced as a test model of a stochastic
parameterization for filtering a turbulent mode in the presence of model error in [102, 103]. The solutions for
the nonlinear filtering problem in (44), (43), was called SPEKF, which stands for Stochastic Parameterized
Extended Kalman Filter [102, 103, 110, 106]. In particular, SPEKF posterior statistical solutions are obtained
by applying Kalman update to the exactly solvable prior statistical solutions of (44). We should point out
that the SPEKF solutions are not the true filtered solutions. For general continuous-time nonlinear filtering
problems, the true filtered solutions are characterized by the conditional distribution p(xt, b˜t, γ˜t|zτ , 0 ≤
τ ≤ t), which solves the Kushner equation [109]. It turns out that the posterior solutions of SPEKF for
discrete observation time are the analog of the Gaussian closure on the first two-moments of this conditional
distribution for the corresponding continuous-time filter [31]. In this sense, one can refer to SPEKF solutions
as the best approximate solutions that are numerically attainable since the true filtered solutions are not
accessible.
The nonlinear system in (44) has many attractive features as a test model. First, it has exactly solvable
statistical solutions which are non-Gaussian. Thus, it allows one to study non-Gaussian prior statistics
conditional to the Gaussian posterior statistical solutions of the Kalman update and to verify uncertainty
quantification methods [111]. Second, a recent study by [112] suggests that the system in (44) can reproduce
signals in various turbulent regimes such as intermittent instabilities in a turbulent energy transfer range and
in a dissipative range as well as laminar dynamics.
As in the linear example 4 above, the O(1) dynamics are given by the averaged dynamics, where the
average is taken over the unique invariant density generated by the fast dynamics of b˜ and γ˜ [101], which
results in a linear SDE,
dx˜
dt
= −λˆx˜+ f(t) + σxW˙x. (45)
In the numerical simulation below, we will refer to the filtering scheme with the prior model in (45) as the
Reduced Stochastic Filter (RSF). This approach essentially offers no model error treatment, assuming that
the right-hand-terms in (45) is f¯(x˜) (to be consistent with our previous notations in (23)). In [101], they
defined a reduced stochastic filter with an additive noise correction (RSFA) given by the following model
error estimator,
deˆ
dt
= −λˆeˆ+√ǫσb
λb
W˙b. (46)
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When initial model error is absent, eˆ(0) = 0, this formulation essentially approximates the memory and noise
terms in (23) with an unbiased white noise process.
The posterior distribution formulation in [31], suggested that the best one-dimensional reduced filtering
(best in the sense that the errors in mean and covariance are of order-ǫ from the solutions of SPEKF) can
be achieved with a damping and combined, additive and multiplicative, noise corrections,
deˆ
dt
= −λˆeˆ+√ǫ
(
σb√
|λb(λb + ǫλˆ)|2
W˙b − σγ√
dγ(dγ + ǫγˆ)
(x˜+ eˆ) ◦ W˙γ
)
, (47)
where the multiplicative noise term in (47) is Stratonovich. Notice that we refrain from calling the model
estimator in (47) the optimal estimator since the optimal filtered solutions are not accessible unless one can
solve the Kushner equation for the full conditional distribution as we explained above. We will refer to the
filtered solutions corresponding to model error estimator in (47) as the reduced SPEKF solutions.
Notice that when ǫγˆ ≪ dγ , the noise correction model in (47) can be approximated by,
deˆ
dt
= −λˆeˆ+√ǫσb
λb
W˙b −
√
ǫ
σγ
dγ
(x˜+ eˆ) ◦ W˙γ , (48)
which yields the reduced stochastic prior model RSFC, introduced in [101]. We should point out that the
multiplicative noise in [101] is also in the Stratonovich sense. Comparing the model error estimator in (47)
and (48), we notice that while it is possible to obtain the same parametric form (damping, additive and
multiplicative noise forcings) by formulating through either the posterior and prior distribution, the resulting
parameters in the two estimators are very different if condition ǫγˆ ≪ dγ is not satisfied. In [31], it was
shown that for a set of parameters corresponding to dissipative range, in which the condition ǫγˆ ≪ dγ is not
satisfied, the resulting reduced model in (48) produces covariance statistics that are unstable. The main point
we want to make is that the posterior distribution formulation provides more robust model error estimators.
Here, we only show the numerical results for the parameter set corresponding to the turbulent transfer
energy range regime [112, 101], ǫ = 1, γˆ = 1.2, γb = 0.5, dγ = 20, σx = 0.5, σb = 0.5, σγ = 20. In this regime,
x(t) exhibits frequent rapid transient instabilities, and γ˜ decays faster than u, that is, ǫγˆ < dγ , such that the
RFSC in (48) is a good approximation of the reduced SPEKF with model error estimator (47). The noisy
observations in (43) are sampled at every time interval ∆t = 0.5 (shorter than the decay time 0.833) and
the noise variance is R = 0.5V ar(u). We will show the numerical results of three reduced filters, where the
analyses are updated by the Kalman filter formula with prior models: (i) RSF in (45), (ii) RSFA, accounting
for model error with the stochastic model in (46), and (iii) reduced SPEKF, accounting for model error with
the stochastic model in (47). We compare the estimates from these three filters with those from solutions of
SPEKF in Figure 5.
Notice that the reduced SPEKF, which accounts for model error with the combined additive and mul-
tiplicative noise in (47), is the only one method which produces filtered solutions with accuracy that is
comparable to that of SPEKF solutions (see Figure 5); the average RMS errors (over 2000 iterations) are
0.7730 for the true filter, 0.7861 for the optimal filter, 1.1356 for RSFA, and 1.5141 for RSF. In Figure 6,
we show the corresponding posterior error covariance estimates from various reduced filters, P˜ am, compared
to that from SPEKF, P am (in grey). Notice that RSF and RSFA significantly underestimate the posterior
error covariances. The reduced SPEKF, on the other hand, tracks the covariance estimates from SPEKF,
quite accurately. More comprehensive results based on various parameter regimes are shown in [31]; in there,
they also showed that the same reduced model corrected with (47) produces accurate long term covariance
solutions, with accuracy of order-ǫ.
These examples show the existence of a consistent reduced model based on a posterior distribution for-
mulation and we verified that the theory is extendable on a special analytically tractable low-dimensional
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Figure 5: Trajectory of the posterior mean estimates (in grey) compared to the truth (dashes). The aver-
age RMS errors of are 0.7730 (SPEKF), 1.5141 (RSF), 1.1356 (RSFA), 0.7861 (reduced SPEKF), and the
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Figure 5.
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nonlinear model. While this theoretical result provides a firm understanding and more reason to use stochas-
tic parameterization beyond white noise modeling, in general, the problems are still difficult to analyze. We
suspect that the resulting model error estimator is much more complicated than (41) or (47), with nontriv-
ial dependence on x˜. For practical implementation, besides designing effective parameterization schemes as
suggested in example 3, a more important wide open problem is to find a recipe to decide which parametric
form is the adequate model in the sense that it is stable and it produces consistent equilibrium distribution
and optimal filtering. Since choosing appropriate parametric models is difficult, we will discuss an alternative
approach that does not use parametric modeling approach in the next section.
5 A nonparametric approach
From the discussion above, we showed that while parametric models can be used to learn high-dimensional
systems from small data sets, their rigid parametric structure makes them vulnerable to model error. In
this section, we overview a recently developed nonparametric modeling approach [33, 34] and discuss a
semiparametric framework, using the nonparametric approach as a model error estimator for dynamically
evolving parameters of physics based parametric models. This framework was designed to avoid the two
practical issues in stochastic parameterization, choosing appropriate parametric models and estimating the
corresponding parameters.
5.1 The diffusion forecasting model
Consider diffusion processes θ(t) that satisfy,
dθ = a(θ) dt+ b(θ) dWt, (49)
for a generic initial condition such that (49) is ergodic on a Riemannian manifold M ⊂ Rn. We assume
that the distribution of θ can be characterized by a time-dependent density function, p(θ, t), that solves the
Fokker-Planck equation,
∂p
∂t
= L∗p = ∇ · (−ap+ 1
2
∇(bb⊤)p), p(θ, t) = pt(θ), (50)
where L∗ denotes the linear Fokker-Planck operator; here the differential operators are defined on M with
respect to the Riemannian metric inherited from the ambient space Rn. We note that the equilibrium
distribution, peq(θ), of the underlying dynamics (49) satisfies, L∗peq = 0. In (49) and (50), a(θ) is a vector
field which represents the deterministic part of the dynamics of θ, and b(θ) is a diffusion tensor which
determines the covariance structure of the stochastic forcing, Wt, which is a standard Brownian process on
the manifold M.
Given a time series θi = θ(ti) sampled at discrete times {ti}Ni=1 we are interested in constructing a
forecasting model so that given an initial density p(θ, t) at time t we can estimate the density p(θ, t + τ) at
time t+ τ , where τ > 0. The key idea of the diffusion forecast introduced in [33] is to project the forecasting
problem (50) onto a basis of smooth real-valued functions {ϕj(θ)} defined on the manifold M. Particularly,
they chose {ϕj(θ)} to be the eigenfunctions of an elliptic operator Lˆ, corresponding to the generator of the
gradient flows with isotropic diffusion,
dθ = −∇U(θ) dt+√2dWt, (51)
of the following potential function, U(θ) = − log(peq(θ)). The main motivation to choose these basis functions
is that they are obtainable via the diffusion maps algorithm for data lying on compact manifold [113] and
non-compact manifold [114]. In this presentation, we will use the algorithm in [114] since we are interested in
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the case where the sampling measure of θ are arbitrarily small and positive, which meansM is non-compact.
A short summary of the theory in [114] is given in the Appendix A of [33] and the detail pseudo algorithm
for constructing ϕ(θ) is presented in [34]. A second less obvious reason (which we will clarify below) is that
this choice of eigenfunctions also minimizes the Dirichlet energy norm (with respect to peq(θ)) which turns
out to minimize the stochastic error term in approximating the semigroup solutions of the adjoint of the
Fokker-Planck operator of the general diffusion processes in (49). Given all these facts, it is not difficult to
show that the solutions of (50) can be formally rewritten as follows (see [33, 34] for details):
p(θ, t+ τ) =
∑
j
cj(t+ τ)ϕj(θ)peq(θ), (52)
where coefficients cj(t+τ) =
∑
l〈ϕl, eτLϕj〉peqcl(t) and cl(t) = 〈pt, ϕl〉 will be numerically realized by Monte-
Carlo approximations. Numerically, this approach can be interpreted as solving the linear Fokker-Planck
equation with a spectral method in which the basis functions are estimated from data set θi without knowing
M. Practically, the diffusion maps algorithm will produce eigenvectors ~ϕj whose i-th component is an
estimate of the eigenfunction ϕj(θi) evaluated at data set θi. This is in contrast to the standard spectral
methods [115] which impose a certain set of basis functions depending on the domain and boundary conditions
of the PDE’s; e.g., Fourier basis on a periodic domain. The nonparametric nature can be understood as
follows. If the diffusion processes in (49) are exactly the isotropic gradient flows (51), then L = Lˆ and,
cj(t+ τ) =
∑
l
〈ϕl, eτLϕj〉peqcl(t) =
∑
l
eλlτ cl(t) ≈
M∑
l=1
N∑
i=1
eλlτpt(θi)ϕl(θi)peq(θi)
−1, (53)
where λl are eigenvalues of Lˆ such that Lˆϕl = λlϕl and Monte-Carlo approximation (evaluated on data
set θi) is used to approximate the inner-product 〈·, ·〉 defined with respect to L2(M). Here, M denotes the
number of eigenfunctions that are used in the numerical approximation and if M is too small, then the Gibbs
phenomena will reduce the accuracy of the approximation as in the standard spectral method. With (52)
and (53), the forecasting problem for gradient flows with isotropic diffusion can be solved without needing
to know the expressions for a, b, or Lˆ and this is what we meant by nonparametric modeling.
For general diffusion processes, we can approximate the semigroup solutions of the corresponding generator
L with a shift operator defined as follows
Sf(θi) = f(θi+1), (54)
for any smooth function f ∈ L2(M, peq). It was shown in [33] that the stochastic operator S is an unbiased
estimator of eτL. Furthermore, the error from the stochastic nature of S is minimized by representing S in
the diffusion basis coordinate ϕj (eigenfunctions of Lˆ), see [33] for details. As mentioned above, this is the
second motivation for projecting the probabilistic forecasting problem in (50) on these coordinate basis. In
this general case (non-gradient drift anisotropic diffusions), Ajl = 〈ϕl, eτLϕj〉peq ≈ 〈ϕl, Sϕj〉peq = Aˆjl and
the coefficients in (53) become,
cj(t+ τ) =
∑
l
Ajlcl(t) ≈
∑
l
Aˆjlcl(t),
Aˆjl ≈ 1
N
N∑
i=1
ϕl(θi)ϕl(θi+1), (55)
using the definition of shift operator in (54) and by Monte-Carlo averaging. For longer time, we can iterate
A to obtain ~c(t+ nτ) = An~c(t), where cj is the j-th component of ~c. We should note that by the ergodicity
assumption on the diffusion process in (49), we ensure that the largest eigenvalue of eτL is equal to 1 with
constant eigenfunction, 1(θ), and it can be shown that the largest eigenvalue of A is also 1 corresponding to
eigenvector [~e1]j = 〈1, ϕj〉, i.e., A~e1 = ~e1. Here, ~e1 denotes a vector that is 1 on the first component and zero
otherwise. Therefore,
lim
n→∞
~c(t+ nτ) = lim
n→∞
An~c(t) = ~e1. (56)
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Figure 7: Probability densities (as functions of x + y and z) from the equation-free Diffusion Forecasting
model (left column) and an ensemble forecasting (right column) at times t = 0 (first row), t = 0.5 (second
row), and t = 2 (third row). On the left column, the color spectrum ranging from red to blue is to denote
high to low value of density.
This means the forecast in (52) will converge to the equilibrium density,
lim
t→∞
p(θ, t) = lim
n→∞
∑
j
cj(t+ nτ)ϕj(θ)peq(θ) = 1(θ)peq(θ) = peq(θ). (57)
Numerically, the largest eigenvalue of Aˆ can be greater than 1 due to finite samples in the Monte-Carlo inte-
gral. To overcome this issue, one can ensure the stability by dividing any eigenvalue with norm greater than
1 so it has norm equal to 1. Subsequently, the nonparametric forecast will produce a consistent equilibrium
density as shown in (57), by design.
Example 6: In Figure 7, we show snapshots of probabilistic density at various times, obtained from the
equation-free, diffusion forecasting method, on the famous chaotic dynamical system, the three-dimensional
Lorenz-63 model [116].‡ For comparison, we also show the Monte-Carlo approximation of the evolution of
the density (or ensemble forecasting), assuming that the full Lorenz-63 model is known. In this experiment,
the same Gaussian initial conditions are prescribed (as shown in the first row in Figure 7). In each panel of
this figure, we show the density as functions of x + y and z (corresponding to the three components of the
Lorenz model). In the left column, we also show the data set that are used for training the diffusion model
(smaller black dots). Notice that even at a long time t = 2 (which is longer than the doubling time of this
model, 0.78), the densities obtained from both forecasting methods are still in a good agreement.
‡This example is taken from [33].
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5.2 Semiparametric framework to mitigate model error
In the nonparametric framework above, the diffusion forecasting model interpolates from the training data,
meaning the required data must fill in the manifold. This implies that the required data grows exponentially
as a function of the dimension of the manifold M and this is the practical limitation of such approach. For
high-dimensional systems, however, we usually have some physical knowledge, but these high-dimensional
parametric models are subject to model error as discussed before. The idea of semiparametric modeling is
to use the nonparametric model to compensate for the low-dimensional model error in the high-dimensional
parametric model.
In the current semiparametric framework [32], we assume that the underlying truth solves,
x˙ = f(x, θ),
dθ = a(θ) dt+ b(θ) dWt,
where the parametric model f is known but neither the parameter θ nor its dynamics, a, b, are known. Here,
we are assuming that model error is attributed to imperfect specification of dynamically evolving parameters
θ with unknown dynamics. Presently, there are more implicit assumptions for such framework to work,
including θ ∈ M to be low dimensional and independent of x. While the high dimensionality issue will still
be the fundamental practical issue for this framework, the second issue, constructing diffusion forecasting
models for conditionally distributed data θi ∼ p(θ|x) is an important open problem that we plan to address
in near future. With all these assumptions, let us demonstrate the semiparametric framework for mitigating
model error.
The first step is to extract a time series of θ from noisy observations,
vm = h(xm) + ǫm, ǫm ∼ N (0, R). (58)
Obviously, when function h also depends on θ, this problem becomes simpler assuming that the theoretical
observability condition is satisfied; but in most applications, θ is hidden and we still assume that the theo-
retical observability condition is satisfied as in any standard inverse problems. In [32], we demonstrate that
the time series for θ can be extracted by implementing the adaptive covariance estimation method discussed
in Section 2.2, treating θ as Gaussian white noise processes. Using the extracted training data set, we build
a nonparametric model for p(θ, t) with the strategy discussed in Section 5.1. Subsequently, we combine the
parametric and nonparametric models by sampling θk(t) ∼ p(θ, t) from the nonparametric model to be used
with the ensemble forecast (xk, θk), where subscript k denotes the k-th ensemble member. Again, see [32] for
the implementation detail. We should note that this framework was designed to maintain as much of the cur-
rent parametric ensemble forecasting and filtering framework (as used in the numerical weather prediction)
as possible.
Example 7: Here, we demonstrate the application of the semiparametric framework on the following system,
dxj
dt
= θxj+1xj−1 − xj−2xj−1 − xj + 8,
θ =
x
40
+ 1
x˙ = 10(y − x), (59)
y˙ = 28x− y − xz,
z˙ = xy − 8
3
z,
where the parameter θ is a rescaling of x that is dynamically evolving in accordance to the Lorenz-63 model
[116]. The rescaling is to confine θ ∈ [0.5, 1.5] to avoid numerical instability since the quadratic terms do not
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Figure 8: Comparison of forecasting errors as functions of time.
conserve the energy-like quantity, E =
∑
j x
2
j , when θ 6= 1. So, bad estimates of θ beyond this interval can
produce unstable forecasts.
For comparison, we include forecasting results from the perfect model (which assumes knowing the full
system in (59)) and from Lorenz-96 model in (17) (this is equivalent to assuming θ = 1 in (59) and ignoring
the Lorenz-63 model). For a more complete comparison with other approaches such as the Heterogeneous-
Multiscale-Methods [82] or persistence model, see [32]. In each of these experiments, the ensemble forecasts
are performed with 86 ensemble members (doubling the total state variables of the full model). Notice that
the perfect model produces the best short term prediction, but it also seems to produce a biased forecast
(based on larger RMS error above, the climatological error, in the intermediate time beyond 12 days). We
suspect that this bias is due to the sampling error introduced by finite ensemble size. On the other hand, the
RMS error of the semiparametric forecast grows slightly more quickly than that of the perfect model initially,
but the forecast is unbiased in the intermediate time, approaching the climatology without exceeding the
climatological error. After 8 model days the semiparametric forecast produces a better forecast compare to
the perfect model. We suspect that this is because the samples of the nonparametric forecast are independent
to the forecast density. Finally, the standard Lorenz-96 model produces the worse forecast.
While this result is encouraging as a first conceptual proof that it is possible to use the nonparamet-
ric modeling approach as a model error estimator, there are still many open questions related to various
assumptions that are limiting the application of this framework on more complex problems.
6 Summary
In this chapter, we discussed one major challenge in data assimilation: model error. Various perspectives
of model error were offered. First, the traditional point of view, which is based on a prior distribution
formulation was overviewed and compared with a more recent, posterior distribution, formulation. Simple
examples were used to elucidate the robustness of the posterior distribution formulation. Second, various
methods to mitigate model error were discussed. We classified these methods into two categories: the
statistical methods for those who directly estimate the low-order model error statistics; and the stochastic
parameterizations for those who implicitly estimate all statistics by imposing stochastic models beyond the
traditional unbiased white noise Gaussian processes. We hope that this discussion also clarifies a common
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misconception in the data assimilation community of associating model error to only estimating the model
error covariance, Q. Indeed, the posterior distribution formulation shows that even in simple contexts, the
optimal model error estimator involves parametric terms that depend on the estimates from an imperfect
model. Third, for model error due to unresolved scales, connection to related subjects under different names
in applied mathematics, such as the Mori-Zwanzig formalism and the averaging method, were discussed with
the hope that the existing methods can be more accessible and eventually be used appropriately. Fourth,
we provide a theoretical foundation to support the use of stochastic parameterization to mitigate model
error in data assimilation and point out the fundamental issues in lifting this approach for general problems.
Namely, the difficulties in choosing the appropriate (stable and consistent) models and in designing efficient
and accurate schemes to estimate the parameters in the parametric models. Fifth, we show an alternative
strategy for mitigating model error with a nonparametric approach, using stable and consistent data-driven
models constructed with diffusion maps algorithms. While the idea works under various assumptions, we
hope that this result motivates the development in this direction to handle more complex problems.
While covariance inflation with an empirically chosen Q matrix has been the most popular approach
in mitigating model error in data assimilation since it is the most practical numerically, we hope that the
review in this chapter can provide more compelling reasons for alternative approaches such as the stochastic
parameterization and nonparametric modeling to be seriously considered. A significant challenge remains,
that is, to apply all these theoretically profound techniques on realistic, large-scale applications in which
most assumptions are violated or unverifiable. To make progress, more interdisciplinary collaborative effort
is crucial. In particular, we advocate for synergistic collaborative efforts between physicists for their physical
intuitions, mathematicians for theoretical justifications, and engineers for efficient implementations. This
chapter is written with the hope that it provides a connection between theoreticians and practitioners for
such collaboration. In particular, many discussions regarding to advantages and limitations on various
methods in this chapter can be useful to motivate more interdisciplinary research in this field.
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